We propose a general method for the description of arbitrary single spin-j states transforming according to (j, 0) ⊕ (0, j) carrier spaces of the Lorentz algebra in terms of Lorentz-tensors for bosons, and tensorspinors for fermions, and by means of second order Lagrangians. The method allows to avoid the cumbersome matrix calculus and higher ∂ 2j order wave equations inherent to the Weinberg-Joos approach. We start with reducible Lorentz-tensor (tensor-spinor) representation spaces hosting one sole (j, 0)⊕(0, j) irreducible sector and design there a representation reduction algorithm based on one of the Casimir invariants of the Lorentz algebra. This algorithm allows us to separate neatly the pure spin-j sector of interest from the rest, while preserving the separate Lorentz-and Dirac indexes. However, the Lorentz invariants are momentum independent and do not provide wave equations. Genuine wave equations are obtained by conditioning the Lorentztensors under consideration to satisfy the Klein-Gordon equation. In so doing, one always ends up with wave equations and associated Lagrangians that are second order in the momenta. Specifically, a spin-3/2 particle transforming as (3/2, 0)⊕(0, 3/2) is comfortably described by a second order Lagrangian in the basis of the totally antisymmetric Lorentz tensor-spinor of second rank, Ψ [µν] . Moreover, the particle is shown to propagate causally within an electromagnetic background. In our study of (3/2, 0) ⊕ (0, 3/2) as part of Ψ [µν] we reproduce the electromagnetic multipole moments known from the Weinberg-Joos theory. We also find a Compton differential cross section that satisfies unitarity in forward direction. The suggested tensor calculus presents 1 itself very computer friendly with respect to the symbolic software FeynCalc.
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Introduction
Particles of high-spins [1] continue being among the most enigmatic challenges in contemporary theoretical physics. The difficulties in their descriptions, both at the classical-, and the quantum-field theoretical levels, are well known and take their origin from the circumstance that such particles are most naturally described by differential equations of orders twice their respective spins [2] - [5] . Higher-order theories are difficult to tackle and various strategies have been elaborated over the years to lower the order of the corresponding differential equations, the linear ones by Rarita-Schwinger [7] being the most popular so far. However, the latter framework is plagued by various inconsistencies, the acausal propagation within an electromagnetic environment [8] , the violation of unitarity in Compton scattering in the ultraviolet in schemes with minimal gauge couplings [9] , and the violation of Lorentz-symmetry upon quantization, being the most serious ones. In parallel, also second order spin- 1 2 [10], [11] , [12] , [13] and spin- 3 2 [14] fermion theories have been developed by different authors and shown to provide a reasonable compromise between the rigorous linear-and the natural higherorder descriptions in so far as they were able to circumvent, among others, the acausality problem and the related violation of unitarity in Compton scattering [15] . However, for spins higher than 3 2 no second order theory has been developed so far. It is the goal of the present work to fill this gap. The interest in such a study is motivated by the observation that distinct representation spaces of the Lorentz algebra so(1, 3) describe particles of different physical properties. For example, due to the representation dependence of the boost operator, the electromagnetic quadrupole and octupole moments of fundamental particles with spin-Same holds valid regarding spin-1 in the four-vector, 1 2 , 1 2 , versus the antisymmetric tensor, (1, 0) ⊕ (0, 1) [17] . In view of the expected production of new particles in the experiments run by the Large Hadron Collider it is important to have at ones disposal a reliable and comfortable to deal with universal calculation scheme for high spins transforming in carrier spaces of the Lorentz algebra different from the totally symmetric tensors of common use, the Weinberg-Joos states being the prime candidates. The present study is devoted to the elaboration of such a scheme.
The path we take is to embed single spin-j Weinberg-Joos states [2] - [5] , (j, 0) ⊕ (0, j), into direct sums of properly selected irreducible so(1, 3) representation spaces which join to reducible representation spaces that are large enough as to allow to be equipped by Lorentz, and if needed, separate Dirac indexes. Then we pin down the state of our interest in a two step procedure. First we pin down the (j, 0) ⊕ (0, j) irreducible representation space by means of a momentum independent (static) projector designed on the basis of one of the Casimir invariants of the Lorentz algebra and then impose on it the Klein-Gordon equation. In this fashion, a second order formalism for any single-spin valued Weinberg-Joos state is furnished. The scheme also allows for an extension to spin-j as the highest spins in the two-spin valued representation spaces, j − . The paper is organized as follows. In the next section we formulate the concepts underlying our suggested method. In section III we design the calculation algorithm and write down a second order master equation for any single spin-j transforming as (j, 0) ⊕ (0, j). In same section we apply the scheme elaborated to the description of the particular case of spin- 3 2 . In section IV we present the spin- 3 2 Lagrangian and couple it to the electromagnetic field, find the electromagnetic current, and calculate the associated electromagnetic multipole moments. We show that the observables obtained in this fashion reproduce the predictions reported in [16] where the pure spin- 3 2 states have been considered in the standard way as eight-dimensional spinors. Also there we show that the pure spin- 3 2 sector of the antisymmetric tensor spinor describes a particle that propagates causally within an electromagnetic environment. Finally, we calculate the process of Compton scattering off 2.1 A Casimir invariant of the Lorentz algebra and the (j, 0) ⊕ (0, j) tracking algorithm
The Lorentz algebra has a Casimir operator, denoted by F and given in [19] in terms of the Lorentz-group generators, M µν , as
with the capital Latin letters A,B, C, ... standing for the generic indexes characterizing the representation space of interest. Its eigenvalue problem for any irreducible representation spaces of the type (j 1 , j 2 ) ⊕ (j 2 , j 1 ), with the generic representation functions denoted by, w (j 1 ,j 2 ) , reads,
where
On the basis of F we design the following momentum independent Lorentz projector, P
where Π kl × denotes the operation of successive multiplication, c (j 1 ,j 2 ) is the F eigenvalue of the searched sector, (j 1 , j 2 ) ⊕ (j 2 , j 1 ), while c (j k ,j l ) are the F eigenvalues of the dummy sectors, (j k , j l ) ⊕ (j l , j k ), of the hosting tensor, which need all to be excluded. The mayor advantage of such projectors is that they are of zeroth order in the momenta, and do not contribute at all to the order of the wave equations. In what follows we shall mainly consider only such reducible Lorentz tensors (or, tensors-spinors) which allow the spin-j of our interest to reside within one single-spin valued irreducible subspace,
However, in the next section we show that the algorithm suggested allows for an extension also toward double-spin valued spaces such as j, j ′ ∈ (j 1 , j 2 ) ⊕ (j 2 , j 1 ) with j 2 = 1 2 , i.e.
2.2 Second order master equations for any pure spin
The dynamics into the spin-j sectors of interest from above is introduced by implementing the mass-shell condition,
for the case of single spins transforming as (j, 0) ⊕ (0, j). For double-spin valued representation spaces, the Lorentz projector only tracks down the
, j 1 sector as a whole, but does not distinguish between its j = j 1 − , and j
residents. In order to single out, say, the spin-j, a different projector, here denoted by P (m,j) W 2 (p), and based on the squared Pauli-Lubanski vector, has to be employed. The mass projector, P 2 /m 2 , and the spin-j projector, P (m,j) W 2 (p), will be occasionally referred to as "Poincaré projectors" [14] in reference to the fact that they express in terms of the Casimir invariants of the Poincaré algebra, the squared four momentum, P 2 , and the squared Pauli-Lubanski vector, W 2 (p), as
Here, W µ (p) denotes the Pauli-Lubanski (pseudo)vector, defined as
where M ρσ are the generators of the Lorentz algebra in the representation space of interest, while A, and B are again as already mentioned above the sets of indexes that characterize the dimensionality of that very representation space. Furthermore, ǫ j = −p 2 j(j + 1), and , j 1 , with the common mass-m satisfying m 2 = p 2 .
Combining now the equation (8) either with (11), or with (12)- (14), the following master equations emerge,
and
respectively. Here, the functions, w (j,0) , and w (j1 ,   1 2 );j , have the property each to simultaneously diagonalize both the Lorentz and the Poincaré projectors. The indexes A for bosons are given by, A = µ 1 , µ 2 ...µ t , while those for fermions carry in addition a Dirac index, denoted by small Latin letters, a, b, etc. according to A = µ 1 µ 2 ...µ t ; a. Along this path, one necessarily encounters Lagrangians that are second order in the momenta. Second order fermion approaches have traditions in field theory [10] , [11] , and are of growing popularity in QED as well as in QCD [20] , [21] , [18] . The present work focuses on the description of the pure spin-
Weinberg-Joos state, 3 2 , 0 ⊕ 0, 3 2 as part of the antisymmetric tensor-spinor of second rank in (2) .
Fermionic representation spaces of the types (2), (4) have been earlier employed by Niederle and Nikitin in [22] in a linear framework of the RaritaSchwinger type, with the special emphasis on spin- 3 2 . However, the focus of [22] has been in first place the separation of parities, while the question on the precise assignment of spin- 3 2 to the irreducible 3 2 , 0 ⊕ 0, 3 2 sector of the anti-symmetric tensor spinor of second rank has been left aside. Moreover, differently from the present work, no physical observables have been calculated in [22] for the sake of a comparison to predictions by other formalisms. Finally, the scheme of [22] confines to fractional spins alone, while the one elaborated here applies to both fermions and bosons. , 0 ⊕ 0, 3 2 as part of the anti-symmetric Lorentz tensor-spinor of second rank
The anti-symmetric Lorentz tensor spinor of second rank
The antisymmetric Lorentz tensor-spinor of second rank has been defined in eq. (2) and is the ordinary anti-symmetric Lorentz-tensor of second rank , (1, 0)⊕(0, 1), with Dirac spinor,
, components. The (1, 0)⊕(0, 1) sector is well known and has been frequently elaborated in the literature, listed among others in [23] , [16] . We here present it in the momentum space, and denote it by, B
[αβ] (p, λ ′ ) with p standing for the three momentum, and λ ′ denoting the polarization quantum number, taking the values λ ′ = ±1, 0. The spin-1 tensor B
[αβ] (p, λ ′ ) allows for a representation in terms of the three spin-1 basis states, η α (p, 1, λ ′ ), and the one spin-0 state, η α (p, 0, 0), spanning the four-vector space,
. These states have been constructed for example in [24] , [16] and are summarized in the equations (123)- (126) in the Appendix below. In terms of the aforementioned basis vectors, the tensor under discussion expresses as,
Now the tensor-spinor of interest here, to be denoted by T
where . This tensor is reducible according to (2) and its irreducible sectors can be identified by means of projectors constructed from one of the Casimir invariants of the Lorentz algebra, an issue on which we shed light in subsection 3.3 below. Before that, in the subsequent section we present the generators of the Lorentz algebra in the anti-symmetric tensor-spinor of second rank. 
The Lorentz algebra generators in the anti-symmetric tensor spinor
The generators within the anti-symmetric tensor-spinor (ATS) of second rank are 
as,
Then, the explicit expression for the Casimir invariant F in (6) takes the form,
3.3 The Lorentz projector on the irreducible
In the antisymmetric tensor-spinor space under investigation there are three Lorentz sectors of the type (j 2 , j 1 )⊕(j 1 , j 2 ), corresponding to (j 2 , j 1 ) = 1 2 , 0 , , 0 . The associated representation functions, w (j 1 ,j 2 ) , are characterized by their c (j 1 ,j 2 ) eigenvalues with respect to the F invariant according to the equations (6), and (7),
with
All three eigenvalues are different and given by,
This allows us to define the three independent operators, Q ( as
which have the properties to remove from the antisymmetric tensor-spinor in (2) the dummy 1 2 , 0 ⊕ 0, 1 2 , and
, 1 , companions to 3 2 , 0 ⊕ 0, 3 2 . Specifically, the Lorentz projector for the irreducible sector 3 2 , 0 ⊕ 0, 3 2 is cast into the following form,
with c (
,0) from eq. (27) . In this way we find the following Lorentz projector on 3 2 , 0 ⊕ 0,
which satisfies the conditions,
3.4 The spin-3 2 wave equation
We now consider the action of the Lorentz projector in (29) on the tensorspinor and its dual and generate in this way the set of twenty four momentum space wave functions, φ
,0) ± p, 3 2 , λ ′ , λ
, and φ
, as,
After some algebraic manipulations, it can be verified that these are all P ( ,0) F eigenfunctions, meaning that they all reside in 3 2 , 0 ⊕ 0, 3 2 , although only eight of them are linearly independent, as it should be. Out of them, a set of pure spin- ,0) ± p, 3 2 , λ [αβ] , can be constructed and cast into the form of the Lorentz projector P (
[µν] applied to the anti-symmetric combination, U ± p, 3 2 , λ
[µν] , of the four-momentum, p µ , with a four-vector spinor, U ν ± p, 3 2 , λ , as explained in eq. (128) in the Appendix. In other words, one can write,
with U ν ± p, 3 2 , λ defined in eqs. (122) in the Appendix. The factor 2 ensures the normalization of these states to (±1). To the amount w ( ,0) ± p, 3 2 , λ [αβ] are considered on their mass shell, they satisfy the Klein-Gordon equation, as explained in (8), (15) , and (25) . In effect, the 3 2 , 0 ⊕ 0, 3 2 degrees of freedom are found to solve the following second order equation,
In this fashion, the pure spin- "vectors", listed among others in [16] , the eight tensor-spinors, w (
,0) ± p, 3 2 , λ [αβ] , open an avenue towards efficient tensor calculations of scattering cross-sections off 3 2 , 0 ⊕ 0, 3 2 by the help of the symbolic software FeynCalc, a reason for which we consider the equation (33) as the first achievement of the present study, worth reporting. The aforementioned tensor spinors do not satisfy the Dirac equation, due to the nonzero commutator, P ( /. This is a crucial circumstance for the neat separation of the RaritaSchwinger-from the Weinberg-Joos sector in the anti-symmetric Lorentz tensor-spinor of second rank. The tensor-spinors are conditioned through,
We now introduce the short-hand f
This allows us to write the tensor-spinors in (34) as
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The conjugate tensor-spinors are then introduced as
were f (
The above spin-
tensor-spinors are normalized as
We now calculate their propagator as,
with ∆ (
Second order theories present the notorious problem that the propagators are of unspecified spatial parities. For bosons this circumstance does not present an obstacle in so far as bosons and anti-bosons are of equal parities. Such is due to the commutativity of the parity and the charge conjugation operators. A discussion on this issue can be found around the equation (2.34) in the reference [16] . For massive charged fermions, however, for which particles and anti-particles are of opposite parities, the problem is more serious and can affect the quantization procedure. However, we expect that the method would allow for quantization of Majorana fermions (if they were to exist) and massless particles. Moreover, at the level of scattering processes, the problem of parity distinction of charged massive particles still can be attended by constructing the amplitudes for states of a fixed parity and then inserting into the squared amplitudes the relevant parity projector, a path that we take in the evaluation of the process of Compton scattering as presented in subsection 5 of the next section. The method is highlighted in table 1. 3 2 , λ are the four vector-spinor degrees of freedom residing in the tensor-spinor space and are defined in eqs. (34), (122). The low case (±) index refers to spinors of either positive, (+), or negative, (−), parity, respectively.
, eq. (18) and its dual:
Lorentz projector: [P (
tensor-spinors,
and dual tensor-spinors:
,0) ± p, 3 2 , λ ,0) ± p, 3 2 , λ [γδ] = [P (
,0) ± p, 3 2 , λ [αβ] eq. (35) , 0 ⊕ 0, 3 2 sector of the anti-symmetric tensor spinor to the electromagnetic field
As a next step after having designed the appropriate free equations of motion in (15), (35), we introduce the electromagnetic interaction. We here confine to minimal gauging, i.e. the coupling is found by replacing ordinary by covariant derivatives according to,
where e is the electric charge of the particle.
The gauge procedure and the number of spin degrees of freedom upon gauging
In order to obtain the gauged equations, we first pass the states from momentum to position space using the standard quantization prescription, [w (
, and then write the momenta in operator form yielding, [P (
We now define at the free particle level a new tensor, [Γ (
and then cast the gauged eq. (45) as,
where we denoted by Ψ (
[αβ]
the new gauged solutions. In order to guarantee that the gauged solutions continue being eigenstates of the Lorentz projectors and thereby to ensure equality of the number of the degrees of freedom before and after gaugung, the [Γ ( [σρ] Γ (
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Once the validity of the equation (48) has been ensured, the representations space and therefore the spin after gauging continues being same as before.
It should be noticed that the Γ (
,0) µν tensor in (46) is determined at the free particle level modulo additive terms leading to vanishing [∂ µ , ∂ ν ] commutators prior gauging, which upon gauging give rise to the electromagnetic field strength tensor, F µν and thereby to non-vanishing contributions to the gauged equations. As first discussed in [14] , exploiting this freedom could be of help in achieving causality of particle propagation, and/or unitarity of scattering amplitudes in the ultraviolet. ,0) µν
Causality of
[γδ] in such a way that,
is satisfied, thus ensuring validity of (46) and (48). This is the precise tensor that enters the gauged equation for the 3 2 , 0 ⊕ 0, 3 2 sector in (47).
By virtue of (48), on expects the solutions to (47) to continue behaving as 3 2 , 0 ⊕ 0, 3 2 states and depending on only eight degrees of freedom. In order to see this, it is convenient to become aware of the fact that that upon accounting for the Dirac label, the equation (47) in reality stands for a (24 × 24) dimensional matrix equation. It is straightforward to cross-check that the matrix in (47) in combination with (49) can be block-diagonalized with one of the blocks being precisely the expected (8 × 8) dimensional one. The corresponding eight-dimensional gauged solutions, Ψ ( ,0) (x), can be now written as linear combinations within any basis spanning the 3 2 , 0 ⊕ 0, ,0) (x) can be decomposed according to,
As a reminder, the reduction to eight degrees of freedom is possible by virtue of the condition in (48) imposed by the Lorentz projector on the Γ (
tensor which amounted to (49). Below we show that the expansion of the gauged solutions in (50) significantly facilitates the proof of their causal propagation within an electromagnetic environment.
The causality and hyperbolicity of the equations of motion of order ≤ 2 in the derivatives are tested using the Courant-Hilbert criterion, which requires us to calculate the so called "characteristic determinant" [8] of the gauged equation. The latter is found by replacing the highest order derivatives by the components of the vectors n µ , interpreted as the normals to the characteristic surfaces, and which characterize the propagation of the (classical) wave fronts of the gauged equation. If the vanishing of the characteristic determinant demands to have a real-valued time-like component n 0 , then the equation is hyperbolic. If this determinant nullifies for n µ n µ = 0, then the equation is in addition causal [8] . The a ± (x) λ ′ coefficients are calculated upon substitution of (50) in (47), and making use of the normalization of the basis tensors in (41) as,
meaning that they satisfy the equation,
,0) µν
The equation (52) represents a system of eight partial differential equation for the eight coefficients a ± (x) λ ′′ , because the polarization label λ ′′ runs over the four allowed values,
, and is counted twice because of the two parities (the lower case ± indexes), of the basis tensor-spinors, w (
,0) ± 0, 3 2 , λ ′′ . The elements of the characteristic matrix are proportional to n 2 , as can been seen from replacing the principal part,
The characteristic matrix in question is therefore diagonal and each element equals n 2 , correspondingly, its determinant is
Nullifying the latter amounts to the condition n 2 = n µ n µ = 0, which guarantees causal propagation within the electromagnetic environment. 3 2 , 0 ⊕ 0, 3 2 as part of the antisymmetric tensor spinor
The Lagrangian for
The free equations of motion (47) can now be derived from the following Lagrangian:
where we suppressed the arguments for the sake of simplifying notations. The gauged Lagrangian then emerges as,
and its decomposition into free and interacting parts reads,
Back to momentum space, we extract the following vector and tensor bi-linear forms,
positive parities. This current can be further simplified in taking advantage of the equations (34) from above, of eqs. (127)- (128) in the Appendix, and of the mass shell condition, yielding,
The procedure of extracting the multipole moments from known currents is well established and will not be highlighted here (see for example [25] , [16] and references therein for technical details), and amounts to
The expressions in (66)-(69) fully coincide in form with the corresponding predictions by the Weinberg-Joos formalism reported in [16] , where the calculation has been carried out while treating the states under consideration as eight-component spinors. The only difference concerns the value of the gyromagnetic ratio which in the present work comes out fixed to the inverse of the spin, g = 2 3 , and in accord with Belinfante's conjecture, while in [16] , a method exclusively based on the Poincaré covariant spin-projector alone, g had remained unspecified according to,
where s, u are the standard Mandelstam variables and we are using the notations
The differential cross section in the laboratory frame is now calculated from the standard formulas,
where ω and ω ′ are the energies of the incident and scattered photons respectively, while θ is the scattering angle in the laboratory frame. Furthermore, with
and after some algebraic manipulations, the final result is cast in the form of an expansion in powers of η k (with η = ω/m) according to,
Here, r 0 = e 2 /(4πm) = α/m, x = cos θ, and the expansion coefficients are,
In the low energy limit, we recover as expected the correct expression for the differential cross section in the Thompson limit as,
while in forward direction, the differential cross section takes an energy independent value,
and in accord with unitarity. In all the other directions however, the differential cross section increases with energy. In the Figure 7 we present a plot of the quantity
as a function of the x = cos θ variable, at energies of η = 0 (solid curve), η = 1 (long dashed curve) and η = 2.5 (short dashed curve), here we see how the differential cross section approaches the classical limit at low energy (symmetric curve) and raises as the energy grows except in the forward direction.
Integrating over the solid angle we find the total cross section as: 
The total cross section (111) has the following limits,
This behavior is show in Figure 8 , where we make a plot of
here we see the decreasing behavior of the cross section at low energies as well as its growing behavior at high energies. 
Conclusions
The first achievement of this work is the representation in the equations (33)-(34) of the spin- degrees of freedom spanning the 3 2 , 0 ⊕ 0, 3 2 carrier space of the Lorentz algebra as anti-symmetric second rank Lorentz tensor-spinors. This representation is equipped by separate Lorentz and Dirac indexes and provides a comfortable tool in calculations of scattering cross sections by means of the symbolic software package FeynCalc. A similar experience has been made in [17] regrading spin-1 transforming as (1, 0) ⊕ (0, 1), where the calculation of Compton scattering could not be tackled in terms of sixdimensional spinors and was instead easily executed in the anti-symmetric tensor-basis. We here specifically worked out the Compton scattering off 3 2 , 0 ⊕ 0, 3 2 and reported in eq. (109) on finite differential cross section in forward direction in the ultra relativistic regime and in accord with unitarity. Before we had calculated in the eqs. (66)-(69) the multipole moments of a particle transforming according to the representation space under investigation and found that they reproduced results earlier predicted by the Weinberg-Joos theory, the gyromagnetic ratio coming out fixed to the inverse of the spin, i.e. g =
